On products of primary abelian groups  by Keef, Patrick
JOURNAL OF ALGEBRA 152, 116-134 (1992) 
On Products of Primary Abelian Groups* 
PATRICK KEEF 
Whitman College, Walla Walla, Washington 99362 
Communicated by Kent R. Fuller 
Received September 18, 1990 
The r-product of a family { GjJit, of abelian p-groups is the torsion subgroup of 
nier Gi, which we denote by ni,,Gi. The t-product is, in the homological sense, 
the direct product in the category of abelian p-groups. Since the usual way of 
writing a torsion-complete group is as a t-product, the notion of f-product provides 
a way of generalizing this important class of groups. Various properties of 
r-products are proven. An important part of the study of direct products is the 
consideration of their epimorphic images. This is also the case with t-products, 
where we are able to obtain analogous results. Of particular interest are those 
epimorphic images which are direct sums of cyclics. Applications are given to the 
@,-topology. As is frequently the case with homomorphisms defined on products, 
the index sets will be assumed to be non-measurable. 0 1992 Academic Press, Inc. 
INTRODUCTION 
All groups considered will be abelian. The notation and terminology will 
generally follow [F]. We will also assume some familiarity with valuated 
groups and vector spaces (see, for example, [RW]). 
In the category of all abelian groups the direct product of a collection 
{Gi}isl is defined in the usual way as njEIGi. However, if each Gi is 
p-primary (where p is a prime we fix for the duration of the paper), and we 
wish to remain in the category of p-groups, we are led to considering the 
torsion subgroup of niel Gi, which we denote by nTfEI Gi. We will call this 
the t-product of the family. Although the t-product is, in the homological 
sense, the direct product in the category of p-groups, when we refer to the 
“direct product” we will mean ni,, Gi. 
If Z= CO and each Gi is isomorphic to a direct sum of copies of Z,i+l, then 
n:, o Gi is torsion-complete and contains the corresponding sum @ i < o Gi 
as a basic subgroup. So t-products are a generalization of the idea of a 
torsion-complete group. Since these groups are central to the theory of 
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abelian p-groups (especially in the separable case), the study of t-products 
is a very natural enterprise. 
Observe that t-products are, in some respects, rather less well behaved 
than direct products. For example, if for each i, Aj is a subgroup of the 
p-group Gi, the natural map niEI Gi + JJ:,,(Gi/Ai) may not be surjective: 
If 1= o, Gi= Zpa+l and Ai=pGi, then it can readily be checked that the 
image of this natural map is @ i< w G,/A,, which is a proper subgroup of 
n:,, GJA,. Many properties of t-products were developed in [IO]. For 
example, if for each i, Bi = oi< o Bi,j is a basic subgroup of Gi, where each 
B,,.j is the direct sum of copies of Z,+I, then ej<,, I-I:,r Bi,+ is a basic sub- 
group of niEI Gi. It was also shown that JJiSr G1 is torsron-complete iff 
each Gi is torsion-complete. 
If G is a p-group and K = {k,},, < o is a non-decreasing sequence of 
positive integers, let 
G(K)= c $=“G[p”]. 
tZ<CU 
Subgroups of this form are called large. A homomorphism 4: G + H is 
small if its kernel contains a large subgroup, and G is thick if every 
homomorphism from G to a direct sum of cyclics is small (see [Me]). 
The epimorphic images of direct products have been studied extensively 
and there has been some consideration of the parallel problem for 
t-products. For example, it is known that any epimorphic image of a 
torsion-complete group with a pure kernel is the direct sum of a divisible 
group and a torsion-complete group (see [IF, 68.81). One of the most 
important results in the study of direct products is a theorem of [C] and 
its generalizations (see [DZ, E, I, 0]), which roughly states that after 
possibly ignoring finite subsets, a homomorphism from a direct product to 
a sum is bounded (see Proposition 1). We prove a generalization of this to 
t-products which states that after possibly ignoring countable subsets, a 
homomorphism from a t-product to a direct sum is small (Corollary 3). 
Besides the general motivations for this study provided by the above 
remarks, we address two specific areas that have been mentioned by 
previous authors. First, in [IO] the following question was posed-for a 
family (Giji,[ of p-groups, when do epimorphisms exist of the following 
type: 
(0.1) n Gj -+ n’ Gi, (O-2) JJ Gi+ @ Gi, (0.3) n’ Gi -+ @ Gi. 
I I I I 1 I 
The answers we give are as complete as possible without a more detailed 
knowledge of the G,‘s. As with many other questions regarding direct 
products, the existence of epimorphisms of type (0.1) or (0.2) boils down to 
their existence for a finite subset of I (Corollary 1). Note that the existence 
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of an epimorphism of the type (0.3) is reminiscent of a result of Szele which 
states that any p-group can be mapped epimorphically onto its basic sub- 
groups (see [F, 36.11). We show that such an epimorphism always exists 
when I is countable (Theorem 2), but this fails for index sets of larger 
cardinality (Example 3). 
A second area involves the Q c-topology, which is defined for a p-group 
G to have those subgroups A such that G/A is a direct sum of cyclics as 
a neighborhood base of (0). This topology was studied in. [D], but 
unfortunately the methods employed extensively utilized a result which 
was shown in [MaJ to be false. In this work some of the results of [D] 
regarding t-products are revived and extended using slightly different 
techniques. It is proven that completion in the @c-topology is well 
behaved with respect o t-products (Theorem 3). 
It follows from results in [D, Ma] and the present paper that the class 
of groups which are complete in the @c-topology is closed with respect o 
the formation of direct sums, summands and t-products. Let W be the 
smallest class containing the cyclic p-groups which is closed with respect o 
direct sums, summands, and t-products. Since a direct sum of cyclics is 
discrete, and hence complete, in the @.-topology, it follows that all of the 
groups in 9 are complete in the @,-topology (Corollary 10). Is that 
all there is? We answer this question in the negative by constructing an 
example of a p-group, complete in the @c-topology, which does not lie 
in 9. In fact, the group we construct will be p”+ l-projective, that is, it will 
have a p-bounded subgroup such that the corresponding quotient is a 
direct sum of cyclics (we will assume the standard fact about these groups 
contained in [FI]). In addition, we define a third class of groups, the 
CP-complete groups, which contains W and is also closed with respect to 
direct sums, summands, and t-products (Theorem 4). It is shown that this 
third class is distinct from either of the other two. 
As is frequently the case in the study of homomorphisms defined on 
direct products, we will find it convenient to assume throughout that 
(unless specifically noted otherwise) the index set I has non-measurable 
cardinality. This does not overly restrict the results, since measurable 
cardinals, if they exist at all, are extremely large. As in [0] we could 
substitute some other hypothesis, or using sophisticated techniques uch as 
those employed in [E] we could extend some of these results to the 
measurable case, but the present approach was deemed the most 
straightforward. 
We begin this section with a result concerning the existence of 
epimorphism of the form (0.1) and (0.2). 
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THEOREM 1. Suppose ( GiJiE z and L are reduced p-groups such that at 
every)nite ordinal the Urn-Kaplansky invariant of n, Gi is at least as large 
as that of L. Tlzen there is an epimorphism 4: ni Gi -+ L zff for some positive 
izzteger zz and finite subset K of I there is an epimorphism 0: p” n, G, -+ p”L. 
ProoJ: Suppose we are given n, K, and 8. Then nl Gi = HO B, where 
p”H=p” & Gi and H has no p”-bounded summand. In addition, 
L = MO C, where C is a maximal p”-bounded summand of L. It follows 
that 0 can be extended to a surjection qSI : H -+ M. (For each element 
12 + p”H of a basis for H/p”H, find m E M such that p”m = @(p”h); mapping 
h to m gives an extension of 8 which is readily seen to be surjective.) The 
hypotheses on the Ulm-Kaplansky invariants guarantees that there is an 
epimorphism ~5~ : B -+ C. Clearly q4 = 4, + & is the desired map. 
Conversely, suppose we are given q5 and we wish to construct 8. Define 
K:~G~ -+QL 
I m < w 
by the formula K(g) = (p”‘& g)), < 0. This makes sense because L is tor- 
sion, so p’“&g) is eventually 0. There is a finite set K and positive integers 
I and k such that for all j> k, 
where rrj is the projection onto the jth copy of L (see, for example, [O, 




COROLLARY 1. If {GJiEr is a collection of reduced p-groups, and 
L = ni Gi or @z Gi, tizen L is an epimorphic image of ni Gi iff p”L is an 
epinzorpkic image of p” nK Gi for some n and finite subset K of I. 
Proof The hypothesis regarding Ulm-Kaplansky invariants is 
evidently valid in this case. 1 
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Observe that if the Gi are not reduced, the maximal divisible subgroup 
of n: Gi or @ I G; is an epimorphic image of the corresponding subgroup 
of n, Gi. So our restriction to reduced groups does not diminish the 
applicability of Corollary 1. 
COROLLARY 2. Suppose (Gi}iEl is an ir$inite collection of unbounded 
reduced p-groups of cardinality at most 1 I(. Then ni Gi is not an epimorphic 
image of n,Gi. 
ProoJ If ni Gi were, in fact, an epimorphic image of ni Gi, then by 
Corollary 1, for some n and finite K, p” n:Gi would be an epimorphic 
image of p” JJk Gi. However, this is impossible, since 1~” n: Gil = 214 > 
IP~ILIKG,I. I 
EXAMPLE 1. Suppose I= o and for each i, Bi is a countable, 
unbounded direct sum of cyclics. It is not difficult to see that there is an 
epimorhism from B, onto 0, Bi, and hence from n, Bi to @a Bi. 
However, by Corollary 2 there is no epimorphism from nj Bi to n: Bi. 
We now turn to a consideration of (0.3). 
THEOREM 2. For any sequence qf p-groups { Gi) i < w there is a surjection 
4: JJ’Gi+ @ Gi. 
i-cm icw 
Proof There is no loss of generality in assuming that each Gi is 
reduced. For each i, let Bi = @ ji Q Bi,j be a basic subgroup of Gi, where 
B, j is a direct sum of copies of Zd+,. Let n be chosen so that 
is minimized. For each i> N, if B: = @ji<,, Bi,j, and G: is a complementary 
summand of B: in Gi, then, 
,‘Gi= n’Gi@ n’B,@ n’G:. 
i-cm i-zn i2n i>n 
We can define an epimorphism from the first two terms in this decomposi- 
tion onto 
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So we will be done if we can construct an epimorphism 
fl’ G; + Q G;. 
i2 II i> ,, 
This means that there is no loss of generality in assuming that n = 0, which 
we do. 
There is a strictly increasing sequence of positive integers (jm>, <w such 
that 
lim n’ B,, = CL 
I I ‘?Lcoiia* 
If we let Ci= ni Gi Bi,jm) then 
n’ C;= fir JJ’ B;.,= n’ n’ B,; 
i-co i-co m<i m<o i>m 
Therefore, by Szele’s Theorem there is an epimorphism 
because the latter is a basic subgroup of the former. Note Ci is a summand 
of Gi, so let Gi= Ei@ Ci and let Fi be a basic subgroup of Ei. There is an 
epimorphism 
V: Q n’Bi,,+ Q (F;OCi), 
m<o i2m i-zw 
since the rank of the second group is at most a, which is the final rank of 
the first. Let 6 = v 0 ,I. Define 
4: n’G;= n’E;@ n’Ci+ @ (E;OCi)= Q Gi 
i-cm i-co i-cw i<w ice 
by the formula 
The presence of the pi insures that the image of 4 is contained in the direct 
sum of the Gis. The image of 6 contains not only each Ci, but also the 
basic subgroup Fi of Ei. Therefore, since Gi = piEi + Fi + Ci, the map 4 will 
be an epimorphism. g 
Recall that if G is a p-group with a large subgroup G(K), the quotient 
G/G(K) is a direct sum of cyclics (see [F, 67.41). An important feature of 
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the usual proof of Szele’s Theorem is that the epimorphism which is 
constructed is small. In fact, if G is thick, then any epimorhism of G onto 
a basic subgroup will be small. The situation in regards to (0.3 j is quite 
different, in that there is a countable collection of groups for which there 
are no small epimorphisms from the t-product to the corresponding direct 
sum. 
EXAMPLE 2. Suppose Gi for 0 < i < w is, say, a countable direct sum of 
cyclics. Further, suppose G, has a basic subgroup B and c < (BI < lGol 
(where c is the continuum). Then if B’ is a basic subgroup of JJbCiCo Gj, 
then B@ B’ is a basic subgroup of JJ: Gi and 
IB@B’I=IB(<(G,I= @Gi. 
I I w 
Therefore, 0, Gi is not an epimorphic image of B@ B’. Since n: Gi is the 
sum of B@ B’ and any large subgroup, it follows that there is no small 
epimorphism from I-I: Gi to @+o Gi. 
2 
In this section we consider homomorphisms from t-products to direct 
sums. Recall that if G is a valuated group and c( is an ordinal, then G(a) 
denotes the subgroup consisting of elements of value at least a. Our results 
rest upon the following pivotal lemma: 
LEMMA 1. Suppose (Vj}iGl and ( Wj}jE/ are collections of valuated 
groups, and Wj(o) = 0 for each j. If 
d:JJ vi+@ wj 
I J 
is a homomorphism in the category of valuated groups, then there are finite 
subsets I,, and J, of I and J, respectively, and a positive integer n such that 
ProojI We give a quick description of what is now a standard proof (cf. 
[DZ, Theorem 2; 0, Theorem 1.3; F, 94.41). Assume first that I is coun- 
table. If the result failed we could inductively construct a sequence of 
elements x, E n, Vi such that x = C x, is a well-defined element of n1 Vi 
for which b(x) has an infinite number of non-zero coordinates in eJ W,, 
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which is absurd. The extension to the case where I is non-measurable is 
then an exercise in Boolean algebras. 1 
For purposes of comparison we include the following, which is a varia- 
tion on [0, Theorem 1.31. 
~oPosITIoN 1. Suppose {Ai}iet, (Gj}jEJ are collections of p-groups 
and each G, is reduced. Given a homomorphism I# : n, Ai + eJ Gi, there are 
cofinite subsets I, and J,, of I and J such that the composition 
is bounded. 
A subset S, of S is cocountable if S- S, is countable. 
COROLLARY 3. Suppose { Ailjel, (Gi)ieJ are collections of p-groups and 
each Gj is separable. Given a homomorphism 4: n; Ai -+ eJ Gi, there are 
cocountable subsets I, and J, of I and J such that the composition 
is small. 
Proof. For each positive integer nz, if we restrict C$ to n: Ai [p”], the 
result is a homomorphism of valuated groups. By Lemma 1 there are finite 
subsets I,, and J,,, and an integer n such that 
4 (Pn n’ A,[P~I) C O Gi. 
r-r, J,. 
If we let I, = I - U, 1,, , J, = J- lJ, J,, then the result is easily 
checked. 1 
COROLLARY 4. With the same hypotheses as Lemma 1, iffor each j there 
is an mj such that Wj(mj)=O, then there is a finite subset I, of Z and a 
positive integer n such that 
4 ( n vitn)) =O. 
I- ro 
Proof Take n at least as large as maxjEJO{mj). 1 
A group G is thin if every homomorphism from a torsion complete group 
to G is small. In [R] it is proven that the direct sum of a collecton of thin 
groups is thin. The following dualizes this result (This also appears as 
[ RT, 8.21). 
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COROLLARY 5. Suppose (Gi}i,c is a collection of thick p-groups. Then 
n: Gi is thick. 
Proof Suppose C is the direct sum of a collection of cyclic groups and 
4: n: Gi + C is a homomorphism. Once again, restricting 4 to n: Gi [p”] 
gives a homomorphism of valuated groups. By Corollary 4 there is an r < w 
and a finite subset Z, such that p’n:-, Gi[p”] is contained in the kernel 
of 4. Since n:, Gi = @{, Gi is thick, there is an s < o such that 
p-‘ni, G,[p”] is also contained in the kernel of 4. If n=max{r, s>, then 
p” n: Gi [p”] is contained in the kernel of 4, proving the result. 1 
COROLLARY 6. Suppose {Gi}i,l is a collection of p-groups and C is a 
direct sum of cyclic p-groups. Then for any homomorphism, 4: ni Gi + C 
there is a cocountable subset I, of I such that 4 restricted to fl:, Gi is small. 
Prooj: For every m < w there is a finite subset I, and an integer n such 
that p” ni-, Gi[p”‘] is contained in the kernel of 4. If we let 
I, = I- lJ, I,,,, then the conclusion is easily checked. l 
The following is dual to Corollary 6. 
COROLLARY 7. Suppose G is torsion-complete and q3 is a homomorphism 
from G to C = aJ Ci, where each Ci is separable. Then there is a cocount- 
able subset J, of J such that the composition of 4 with the projection of C 
onto aiEJ, C, is small. 
Proof Note that G is the t-product of bounded groups. By an argu- 
ment analogous to those above, for any nz <w there is a finite subset J,,, 
and an integer n such that &p”G[p”‘]) is contained in @.,, Cj. Letting 
J, = J- U, J,,, gives the desired result. 1 
EXAMPLE 3. We show that Theorem 2 does not generalize to uncount- 
able products. Suppose we construct a sequence of ordinals oli such that 
clj+ I > c$” for every j. If i < oi, j < o, let Bi,i be a direct sum of aj copies 
of zpi+,, and define Gi = nJ<, Bi,j (so Gi is torsion-complete). If 
a=supi,, (~~1, then I@ico Bi jl =a. S’ mce CI has countable colinality, we 
have IGil =cP>a. 
Suppose 4: II:,,, Gi-t Oi-col Gi is an epimorphism. By Corollary 7, 
there is a cocountable subset J, of or such that the composition of 4 with 
the projection onto eJ, Gi is small. If we fix irz J,, then Gi will be an 
epimorphic image of a basic subgroup of ni,,, Gi. However, such a basic 
subgroup is of the form B= ejLw nice, Bi,i, and IBI = supjcO, {by’} = CI, 
giving a contradiction. 
In Example 1 we constructed a family for which there was an 
epimorphism from the direct product onto the direct sum, but none onto 
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the t-product. For this family the situation is precisely the reverse, i.e., there 
is an epimorphism from the direct product onto the t-product, but none 
onto the direct sum: Note that pGo will be torsion-complete and its jth 
Ulm invariant will be olj+ r. Since JJ:, (~, Gi is also torsion-complete and its 
jth Ulm invariant is c$“l, there is a sequence of epimorphisms: 
n Gi+G,-+pGO+ j-fGj. 
i<O, i<wI 
To show there is no epimorphism from the direct product onto the direct 
sum, note that if there did exist such a map, then by Theorem 1 there is an 
n and a finite K such that p” Q Q, Gi is an epimorphic image of p” & Gi. 
This latter group is torsion-complete, so using Corollary 7 again, it follows 
that there is a i E or such that pnGi is the image of a basic subgroup of 
p” nK Gi. This once again contradicts the cardinalities of the groups 
involved. 
3 
In this section we will consider completion in the @.-topology. To 
begin, however, we will be a bit more general. Suppose G is separable and 
F is a collection of subgroups of G such that 
(2.1) F is directed, so for every T and U in 4 there is a S is .F with 
SE Tn U, 
(2.2) any large subgroup of G is in B (in particular, p”G is in 9) 
(2.3) each S in 9 is p-adically closed in G, i.e., G/S is separable. 
Let X denote an equivalence class of sequences Cauchy in the p-adic 
topology on G (i.e., the elements of X differ by sequences which converge 
to 0; we will assume such sequences are neat), so X is an element of the 
p-adic completion of G. Let G consist of those X= (x,) such that for ail 
S in 9 the sequence x,, + S converges in the p-adic topology on G/S. 
LEMMA 2. G can be identified with the completion @” G with respect to 
the linear topology generated by 9. 
Proof. If X= IX,,> is in G, define a Cauchy net in the F-topology, 
IX s)sEF, by the rule 
x,+S= lim x,+S. 
n-io 
Clearly 3cs is uniquely determined (up to an element of S). It is readily 
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observed that (x~)~~~ is Cauchy in the P-topology. The inverse process 
merely takes a net indexed by 9 and restricts to the terms x, = xpnG. 1 
Suppose 9 consists of the large subgroups of G. Then by a classical 
result (see [F, 70.61) X is G iff it has finite order iff X is in the torsion- 
completion, G. By (2.2) we have the following: 
COROLLARY 8. G can be naturally embedded in G; in particular, it is a 
separable p-group. 
Suppose now that for any separable G we have a directed collection of 
subgroups 9(G) which has the property that any homomorphism between 
separable groups is continuous. For example, 9(G) could consist of the 
large subgroups, the subgroups S such that G/S is a direct sum of cyclics, 
or such that G/S is separable and p”+“-projective. Note that a 
homomorphism between separable groups will induce a map between their 
respective completions. 
FROPOSITI~N 2. If {Ai}i,I is a collection of separable p-groups then 
ProoJ If ;?; is the torsion-completion of Ai, then nf & is the torsion- 
completion of nr Ai and both groups are contained in this t-product. The 
projections m + Ai must take I-II’ Ai to AT. The product of these deter- 
mines the required inclusion. m 
COROLLARY 9. If Ai is F-complete for each i (i.e., x = Ai), then so is 
fl’ Ai. 
ProoJ We have 
(The last two results are clearly also valid when I has measurable car- 
dinality.) 
Fix 9(G) to be the collection of subgroups S such that G/S is a direct 
sum of cyclics. 
THEOREM 3. Suppose {Ai}ipl is a collection of separable p-groups. Then 
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Proof. Proposition 2 gives one inclusion, so suppose X= (xn} is a 
Cauchy sequence in JJ’ Ai such that zi(X) = { rci(x,) > is in Ai for each i E 1. 
Fix m such that p”k,, =0 for all n. To show X is in nTi, suppose 
SE F(n’ Ai). We need to show that X, + S converges in the p-adic topol- 
ogy on I-Jr A,/S. By Corollary 4 we can find a finite subset 1, of I and a 
positive k such that 
pk n Aj[p”]c-S. 
I-I0 
Let X, = yn + z, where ~7~ E ni, Ai, z, E IJ- r0 Ai. Then { yn > and (zn] are 
both pm-bounded p-adically Cauchy sequences. Note that for all i,j > k we 
have 
zj-z+pk n’ A,[p”] ES, 
I--lo 
so (zn + S> is eventually constant. On the other hand, if ig I,,, then letting 
Si = Ai n S, we have Sic F(Ai), since AJS, embeds in A/S, which is a 
direct sum of cyclics. It follows that (rri(x,) + Si} converges in A,/S,, and 
so (n,(x,,) + S} converges in n: A,/S. Putting this all together, we 
conclude that 
x,+s= 1 (~j(x,,)+S)+(Z,+S) 
i s IO 
converges in ni AJS, as required. 1 
4 
In this section we consider some related classes of separable groups. Let 
%Y be the smallest class containing the cyclic p-groups which is closed with 
respect to the formation of direct sums, summands and t-products over 
possibly measurable sets. 
COROLLARY 10. In the Q.-topology, 
(1) A summand of a complete group is complete, 
(2) If (Gi}i, I is a (possibly measurable j collection of complete groups, 
then both n’ Gi and @ Gi are complete, 
(3) Every group in W is complete. 
Proof (1) and (2) follow from [Ma, 2.1, 2.21 and Corollary9. (3) then 
follows from (l), (2), and the observation that a cyclic p-group is discrete 
and hence complete. 1 
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In order to show that there are groups which are complete in the 
@c-topology other than those in 9, we introduce a third class of groups 
as follows: If V is a valuated vector space with I’(o) = 0, then it is easily 
seen that I’ is compact in the o-topology iff it is complete and each factor 
V/V(n) has finite dimension. We say a separable p-group G is CP-complete 
if every subsocle V c G[p] which is compact (using the induced valuation) 
is supported by a pure subgroup XE G (i.e., X[p] = V). Observe that since 
X[p] is complete, it follows that X will be torsion-complete and a 
summand of G. 
THEOREM 4. (1) A summand of a CP-complete group is CP-complete, 
(2) If (Gih is a (possibly measurable) collection of CP-groups, then 
both n* Gi and nr Gi and @ Gi are CP-complete, 
(3) Every group in &’ is CP-complete. 
Proo$ (1) Suppose A is a summand of the CP-complete group G. If 
Vs A[p] is compact, then there is a pure subgroup X of G such that 
X[p] = V. If rc :G --) A is the projection, it follows easily that x’ = rc(X) is 
a pure subgroup of A supported by V. 
(2) We consider first the case of HI’ Gi. Let VE nI’ Gi be a compact 
subsocle. If rri: nf Gi --) Gi is the projection, then Vi = rci( V) is a compact 
subsocle of Gi, so Vi will be supported by a pure subgroup Xi of Gi. Note 
nr Xi will be torsion-complete and hence pure-complete (i.e., every sub- 
socle supports a pure subgroup, see [F, 73.11). In particular, Vz I?’ Xi 
will be supported by a pure subgroup X of fl’ Xi. But since n’ Xi is clearly 
pure in JJ’ Gi, X will be pure in nf Gi, as required. 
We turn now to @ Gi. Once again, let V/5 @ Gi be a compact subsocle. 
Note that V is a product of cyclic valuated vector spaces. It follows as in 
Lemma 1 that there is an integer n and a finite subset Jc I such that 
V(n)s @ Gi= n’Gi. 
isJ ieJ 
By the product part of the proof, there is a pure subgroup Z of Q iE J Gi 
supported by V(n). Now Vz V, 0 V(n), where V, is a free valuated vector 
space, and there is a pure direct sum of cyclics Y supported by V,. Clearly 
X= Y @ Z is the desired pure subgroup. 
(3) Since every cyclic p-group is CP-complete, this follows from (1) 
and (2). 1 
We include the following, which is a slight variation on [Ma, 
Lemma 3.11, for easy reference. 
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LEMMA 3. Suppose G is a p” + ’ -projective p-group and P is a p-bounded 
subgroup with G/P a direct sum of cyclics. Further, suppose that P has the 
property that for any Q c P, G/Q is a direct sum of cyclics $f P(n) c Q for 
some n c o. Then G is complete in the @.-topology iff P is complete in the 
o-topology. 
Proof. For SE G, if G/S is a direct sum of cyclics then G/( S n P) is also 
a direct sum of cyclics (since it embeds in (G/S) 0 (G/P)). In this case there 
is an n such that P(n) c S n P, i.e., the @.-topology on G is generated by 
the subgroups P(n). Since P is open in the @.-topology, any Cauchy net 
can be translated to a Cauchy net consisting of elements of P. So G will be 
complete in the @c-topology iff P is complete in the o-topology. 1 
Let B=nJ,, Z,,+, be the standard torsion-complete group. 
EXAMPLE 4. There are reduced p-groups, complete in their 
@.-topology which are not CP-complete; in particular, they are not in a; 
It is straightforward to construct a pm+’ projective group G with a 
p-bounded subgroup P such that G/P is a direct sum of cyclics, such that 
P is isometric to B[p]. Observe P is compact in the w-topology and G/P 
is a direct sum of cyclics. By Lemma 3, G will be complete in the 
@c-topology. Note that if P were supported by a pure subgroup X of G, 
then X would be torsion-complete, and hence a summand of 6. This is 
impossible, because unbounded torsion-complete groups are not 
P w + l-projective. So G is not CP-complete. 
EXAMPLE 5. In [Ma] it was asked whether two p-groups which are 
complete in the @ .-topology are isomorphic if there is an isometry of their 
socles, as was contended in [D]. To show this is not the case, let G be the 
group of the preceding example. It is well-known that G[p] is isometric to 
PO F, where F is a free valuated vector space. So G[P] is isometric to the 
socle of a direct sum of torsion-complete groups. Such a direct sum will be 
in W, hence complete in the @c-topology, but not p”’ l-projective and 
hence not isomorphic to G. (In a later paper we will show that assuming 
no measurable cardinals exist, two groups in W are isomorphic iff their 
socles are isometric.) 
EXAMPLE 6. There are CP-complete groups which are not complete in 
the @c-topology; in particular, they are not in W : In [Ma] a group G was 
constructed with a p-bounded subgroup P such that G/P is a direct sum of 
cyclics and P is isometric to the socle of a non-torsion-complete quasi-com- 
plete group (see [F, Section 741). It was noted that G satisfies Lemma 3 
and hence it is not complete in the @c-topology. Once again, G[p] is 
isomorphic to F@ P, where F is free. If V is a compact subsocle of G, then 
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S and T, the projections of V onto P and F respectively, must also be 
compact. Since T is a subsocle of a free valuated vector space, it must be 
bounded. In addition, it follows from [F, 74.31 that S is bounded. There- 
fore, V must be bounded, hence free, and such subsocles clearly support 
pure subgroups. Hence G is CP-complete. 
5 
The preceding sections illustrate the importance of the question of when 
the epimorphic image of a product is a direct sum of cyclics. We are 
primarily concerned with t-products, but for purposes of comparison we 
note the following straightforward fact. 
PROPOSITION 3. Suppose {A i > iE t is a collection of p-groups and S is a 
subgroup of n, Ai such that the quotient JJ, AJS is a direct sum of cyclics. 
Then there are subgroups Ri of Ai such that IJ1 Ri is contained in S and 
nr Ai/IJr Ri is a direct sum of cyclics. 
ProoJ: By Corollary 4 there is an integer n and a colinite subset I, of Z 
such that nQpnAi c S. If we let 
if iElf; 
if i$Z,. 
the conclusion is easily checked. 1 
We now present a parallel result for t-products. Observe that Corollary 6 
provides us with some information, but we wish to be more specific. To 
begin we generalize some notation. If N is a positive integer and 
K= bLLGv is a non-decreasing sequence of positive integers, let 
G(K) = 1 pkn G[p"]. 
n c iv 
(In the introduction this was defined when K is an infinite sequence.) The 
next result shows that the Qc-topology on a t-product is generated by 
subgroups which break apart into t-products in the natural way. 
THEOREM 5. Suppose {AiIiEI is a collection of p-groups and S is a sub- 
group of ni Ai such that the quotient l’Ji A,fS is a direct sum of cyclics. 
Then there are subgroups Ri of Ai such that n: Ri is contained in S and 
JJ; Aim; Ri is a direct sum of qclics. 
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Proof. Assume we are given such an S. By Corollary 4 there is an 
ascending sequence of finite subsets Z,, of I, and a non-decreasing sequence 
of positive integers k,, such that for each H, 
For each i E Z, let Ni be the largest positive integer n such that i 4 I,, if it 
exists, and otherwise let Ni = w. Let I,= tJ,, Z, = (i: Ni < c.11. Finally, let 
Ku= ~k,Lo, and 
if iElf, 
if i$l,. 
Claim 1. niAj(Ki) cS. 
-Assume a = (a,)En:Ai(Ki) has order p’. For each i we can find 
elements {x~.~},~<~ of Ai such that: 
0) xi,n Epk”4 WI, 
(ii) x~,~ =0 for all n > Ni, 
(iii) ai=CmGjxi.. 
For each n, set X, = (x~,,,)~~~. Note that for any ie Z,,, by the definition of 
Ni, n > A’;. So by (ii), for all iEI,,, the ith coordinate of x, is 0. This, 
together with (i) implies, 
X,EPk” n’Ai[pm]ES. 
I-l, 
By (iii), a =x, +x2 + . . . + ,ri, and so the claim is established. 
For the moment, fix an i E If. Let Aj = Yi@ Xi, with Xi a maximal 
pN-bounded summand of Ai. We show there is a subgroup Ti of Yin S 
such that 
(a) Ti[~~~]=/li(Ki) n Yi= Yi(Ki), 
(b) Y,/T, is a direct sum of cyclics. 
To this end, suppose Yi = Wi 0 Zi, where Zi is a maximal pki+ Nf-bounded 
summand. Every element of Wj[p”‘] has height at least ki, so 
Wi[pA’i]CAi<Ki)CS. Let 
Tj=(Sn Wi)f Yi(Ki)=(Sn Wi)@Zi(Ki). 
With this definition, (a) is clear. As for (b), observe that 
Yi/Tir(Wi/(Sn Wi))@(Zi/Zi(Ki)). 
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Since the first summand embeds in n: A,/& it is a direct sum of cyclics. 
Since Zi is bounded, the second summand also is a direct sum of cyclics. 
For each its I, we define 
T;+Ai(Ki>=TiOXi(Ki)y if iElf, 
Ai<Ki)=Ai(Kn>), if i$l,. 
Claim 2. We have 
n’Ri=( @ Ti)+JJ’Ai(K,). 
I 4 I 
-The containment 2 being clear, suppose Y = (ri) is in ~~ Ri. Observe 
that if ri fails to be in Ai( K!), by (a) the order of ri exceeds pNi. If this 
happens for an infinite number of i, then I will have infinite order. So only 
a finite number of coordinates of r need employ an element from T;, giving 
the reverse containment. 
Since ni A,(K,) and each Ti is contained in S, Claim 2 implies 
JJ Ric S. To finish the proof we need to show ni Aim: Ri is a direct 
sum of cyclics. Note that 
fl’~~= ~‘A~<K~>=( fl’~~) (K,) 
I-5 r--If I-$ 
is, in fact, a large subgroup of T]I:-+ .4,, so the corresponding quotient is 
a direct sum of cyclics. This implies that to verify the theorem we can 
assume that Z= If, which we do. All infinite sums and products for the rest 
of the proof will run over the set I. 
Claim 3. nI’Ai=(@ Yi@ntXi)+nrRi. 
-Suppose a = (a,) E l-Jr Ai = T]I’ Y, 0 I-I1 Xi has order pj. There is no loss 
of generality in assuming that a is actually in n’ Yi. If m = j+ kj, then for 
all i $1,) pjai = 0 implies that 
Therefore, all but finitely many coordinates of a come from Ri, and the 
remainder will be an element of @ Yi. 
Claim 4. (0 Yi@flI’Xi)nnrRi= @ Ti@(nrXj)(K,>. 
-Since each Xi is pNi-bounded, 
n’Ri=n’Tio~‘xi<Ki)=n’Ti@(fl’Xi) (K,). 
Intersecting this with @ Yi @ fir Xi gives the desired result. 
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To conclude, observe 
ZZ 0 (yi/Tj)O nrxi/n' xi(K,,>)y 
( 
and both terms are direct sums of cyclics. 1 
6 
We conclude with an example which shows that the hypothesis of non- 
measurability is, indeed, necessary for some of our results, and then we 
state a few open questions. 
EXAMPLE 7. Suppose p is a measure on I such that p(C) =0 for ail 
countable Ccl. For each iellet Ai be a copy of B= @j<roZp,+~. Define 
4: niAi + B in the customary way, i.e., if x= (.xi)eniAi, then 1 is the 
disjoint union of the countable collection Ib = {i j xI = b), for b E B. So 
there is a unique b E B such that ~(1~) = 1, and we let d(x) = b. Several of 
our results fail for this map from a t-product to a sum. For example, 
restricting 4 to niAi[p] --, 0, Z,,+l, we contradict Lemma 1. It is also 
easy to see that 4 will never be small when restricted to a cocountable sub- 
product, contradicting Corollary 6. With only slightly more diffkuity we 
can show that Theorem 5 also does not hold: Suppose S and Ri are as in 
the statement of this result. Since A,/R, is a direct sum of cyclics, by 
standard properties of valuated vector spaces, there is an isometry 
Ai[p] g Ri[p] @ Fi. Note n,Fi embeds in the direct sum of cyclics 
n: A,/ni Ri so it must be free. Therefore, all but finitely many Fi will be 
bounded, i.e., there is an n and a cofinite subset J such that pnAi[p] c 
Ri E S for all i E J. Fix a non-zero b E pnAi [p], and define x = [xi] E n: Gj 
by 
i 
b, if iEJ; 
xi= 
0, otherwise. 
Then x is in ~~ Ri, but clearly 4(x) = b # 0. 
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Questions. (1) Which other results in the paper depend upon the non- 
measurability of the index set. In particular, is the arbitrary t-product of a 
collection of thick groups also thick? 
(2) Suppose we consider the class of separable groups which have 
the property every complete subsocle is supported by a pure subgroup. Is 
this class closed with respect o summands, sums and t-products, i.e., is the 
analogue of Theorem 4 valid for this class? 
(3) It was stated that Corollary 7 is dual to Corollary 6. However, 
the duality would be stronger if the hypothesis that the Cj be separable was 
replaced by the requirement hat they are reduced. Does Corollary 7 remain 
valid in this case? 
(4) As in (3), does Corollary 3 remain valid if each Gi is only 
assumed to be reduced. 
(5) Characterize the classes of separable p-groups which are closed 
with respect to the formation of direct sums, summands and t-products. 
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